Random samples of quantum channels have many applications in quantum information processing tasks. Due to the Choi-Jamio lkowski isomorphism, there is a well-known correspondence between channels and states, and one can imagine adapting state sampling methods to sample quantum channels. Here, we discuss such an adaptation, using the Hamiltonian Monte Carlo method, a wellknown classical method capable of producing high quality samples from arbitrary, user-specified distributions. Its implementation requires an exact parameterization of the space of quantum channels, with no superfluous parameters and no constraints. We construct such a parameterization, and demonstrate its use in three common channel sampling applications.
I. INTRODUCTION
Quantum channels, or completely positive (CP) and trace-preserving (TP) maps, are a central concept in describing the dynamics of quantum systems. They form the basic models for imperfect quantum operations used for quantum information processing (QIP). Randomaccording to some specified distribution-samples of quantum channels are needed in many QIP tasks, including the evaluation of the distributional average of channel-related quantities, the computation of error bars for quantum process tomography, the exploration of typical properties of quantum channels, the numerical optimization of functions of channels over a complicated landscape, and others.
Sampling from specific distributions over the quantum state space is a well-studied problem, with many different approaches, including the Monte Carlo (MC) technique for arbitrary distributions, and other methods for sampling from specific distributions [1] [2] [3] [4] [5] [6] [7] [8] . Due to the Choi-Jamio lkowski isomorphism [9, 10] , which gives a correspondence between CP channels and states, these state sampling methods can be adapted to sample quantum channels. Indeed, in the recent work by Thinh et al. [11] , a Metropolis-Hasting Markov Chain (MHMC) MC approach was used to sample channels from arbitrary distributions, by sampling the purification of the Choi-Jamio lkowski state corresponding to the channel. Older approaches (e.g., see Refs. [12] and [13] ) also make use of the channel-state correspondence to sample channels from specific distributions defined on the state space, which induce some distributions on the channel space.
As a general method for sampling from arbitrary distributions, MC methods stand out in their wide-ranging applicability and efficiency. The MHMC variety of MC methods used, for example, in Ref. [11] , however, suffer from strong correlations between sample points, and one requires large samples for reliable answers not biased by these correlations. This was observed, for instance, in the MHMC state sampling algorithm of Ref. [1] . A significant improvement in the quality of the samples was seen when we switched to the Hamiltonian Monte Carlo (HMC) approach [2] , reaffirming the advantage of HMC over MHMC MC also observed in other settings [14] [15] [16] [17] [18] .
The HMC method requires the availability of a parameterization of the domain space with exactly the right number of parameters, with no superfluous parameters and no constraints. The parameterization of the channel/state space used in Ref. [11] , which has superfluous parameters, cannot be used for HMC. The exact parameterization of states used in the HMC algorithm in Ref. [2] gives, through the Choi-Jamio lkowski isomorphism, a parameterization of the set of all CP, but not necessarily TP, maps. The TP property has to be imposed as an explicit constraint, thus rendering the parameterization unsuitable in a HMC algorithm for sampling CPTP channels.
In this work, we construct an exact parameterization of the space of CPTP maps, with no superfluous parameters, and no constraints. This can then be used in a HMC procedure for sampling from arbitrary, user-specified, distributions over the channel space. To illustrate the usefulness of our parameterization and the HMC algorithm, we apply our methods to three quantum sampling problems. Our examples are focused on problems in quantum process tomography, reflecting the interests of the authors; our parameterization and the HMC method, however, are just as useful for sampling problems in other areas of QIP. As an aside, our construction exactly parameterizes the space of all bipartite mixed quantum states with the completely mixed state for one of the parties.
Here is the brief outline of our paper. We first review the Choi-Jamio lkowski isomorphism in Sec. II. Section III explains our main contribution: the exact parameterization of the space of CPTP channels. In Sec. IV, we illustrate the use of our parameterization in a HMC sampling algorithm through three examples from quantum process tomography: (A) the construction of error regions in process estimation; (B) marginal likelihood for estimating specific properties of the channel; (C) model selection among candidate channel families. The reader is referred to Ref. [2] for an introduction to the HMC algorithm used here. We conclude in Sec. V.
II. THE CHANNEL-STATE DUALITY
There are many ways of writing down the CPTP map of a quantum channel. Given our desire to make the connection with the sampling of quantum states, we make use of the channel-state duality and describe the quantum channel by a state via the Choi-Jamio lkowski isomorphism. Here, we remind the reader of this isomorphism, and, in the process, define the notation used throughout the article.
We begin with the d-dimensional Hilbert space H describing the state vectors (pure states) of the system. We define a map * : H → H, * (|ψ ) ≡ |ψ ∈ H, for |ψ ∈ H,
such that
and * is " * -linear", i.e., *
where c * i is the complex conjugate of c i . Note that Eq. (2) specifies the * map only up to a unitary transformation of no consequence. One specific realisation of the * map, and what we use in our numerical examples below, is to first pick a basis {|i } on H, define |i ≡ |i , and then extend the action of * to arbitrary vectors using the * -linearity property. See also Sec. 3.1 in Ref. [19] for qubit examples of the * map.
We extend the action of the * map to adjoint vectors, * ( ψ|) = ψ| = (|ψ ) † = [ * (|ψ )] † , and further to the set of operators on H, denoted as
We write * (X) ≡ X, for any X ∈ B(H). Note that X † = (X) † , and we denote X T ≡ X † , a basis-independent transpose operation. If X is nonnegative, then so is X T . Using the * map, we define the vectorization map, a linear map from operators to vectors in a vector space V, vec : B(H) → V,
for any |ψ , |φ ∈ H and extended to all operators by linearity. We write, for any X ∈ B(H), vec(X) ≡ |X ∈ V. Note the useful identity,
Also, if {|i } is an orthonormal basis for H, then so is {|i }. Consequently, the vectorized identity operator,
|ii , can be regarded as a bipartite maximally entangled (unnormalized) state on H ⊗ H. Now, we are ready to state the channel-state duality. Consider a CP map, E : B(H) → B(H), acting as
where we have used the identity in Eq. (6); the 1 in 1⊗E denotes the identity map. Thus defined, ρ E is a nonnegative operator on V; it can also be regarded as an unnormalized state (density operator) on the bipartite Hilbert space H ⊗ H ≡ H 1 ⊗ H 2 , labelling the two subsystems by 1 and 2. In the latter picture, one regards |1 1| as the density operator for a maximally entangled state on H ⊗ H, and ρ E is the density operator that results from the action of the map 1 ⊗ E on it.
That ρ E is invariant under a change of Kraus representation for the E is manifest in the last line of Eq. (7). We can turn the logic around: Any bipartite state on H ⊗ H possesses a spectral decomposition into eigenvectors, and the identification of those eigenvectors, with their corresponding (square-root of the) eigenvalues, as vectorized Kraus operators immediately gives an associated CP map on B(H). Equation (7) hence states a duality between CP maps E and states ρ E ≥ 0. ρ E is sometimes called the "Choi state" of the CP map E. Observe that E(X) = tr 1 {ρ E (X T ⊗ 1)}. (8) We are primarily interested in CP maps that are also TP. In this case, the state ρ E dual to the CP and TP channel satisfies the partial trace condition,
i.e., E is CPTP if and only if ρ E ≥ 0 and tr 2 (ρ E ) = 1.
A simple count verifies that we have just the right number of parameters: A CP E is represented by d 4 real parameters-a positivity-preserving map that specifies how a d 2 -element basis of operators on H is mapped back to itself-and this is the same number of real parameters needed to specify an unnormalized nonnegative ρ E ; the TP condition removes d 2 parameters, leaving d 2 (d 2 − 1) real parameters for a CPTP map, i.e., a quantum channel. Note that the set of ρ E s corresponding to quantum channels form a convex set of states, each with trace d. We denote the convex set of all ρ E that satisfy Eq. (9) by S TP , and refer to ρ E ∈ S TP as a TP state.
This duality between quantum channels and states enables us to sample quantum channels with algorithms for sampling quantum states (see the next section). Furthermore, the problem of process tomography-the estimation of the full description of a quantum channel acting on a quantum system-can be re-cast as that of state tomography. As the applications of our channel sampling algorithm discussed below are related to estimating quantum channels, we use the remainder of this section to recall this connection between state and process tomography, stemming from the channel-state duality [20] .
Quantum process tomography seeks to discover the full description of some unknown quantum channel E, through N uses of the channel. Standard strategies involve choosing a set of input states {ρ
copies of state ρ (i) through the channel E, and then measuring the output state using a POVM Π (i) ≡ {Π
For each i, the tomographic outcome probabilities come from the Born rule,
where
k . Written in this manner, the expression for p (i) k reminds one of the situation of state tomography of ρ E , where the set {Λ 
where we omit the combinatorial factors that are needed for proper normalization but are not important here. Disregarding quantum constraints, the likelihood is maximized, over all {p
; with quantum constraints, a constrained maximization of L(D|ρ E ) over all permissible probabilities-those p To obtain a sample of quantum channels according to some specified distribution, we generate Choi states ρ E with the HMC algorithm. The HMC method demands a parameterization of the state space (in this case the space of ρ E ) with no superfluous parameters and no external constraints. In Ref. [2] , the ability to sample quantum states with the HMC algorithm was demonstrated using a parameterization of the full quantum state space. Because of the TP condition, sampling of quantum channels demands a parameterization of, not the full quantum state space as in Ref. [2] , but only of the set S TP of TP states. Here, as our central result, we explain how to accomplish this.
We first choose a product basis {|ij } 
so that ρ E = d ijkl=1 ϕ † ij ϕ kl |ij kl|, as the abstract, basis-independent object. Stacking the columns of A to form columns with d 3 entries,
permits writing the TP condition in Eq. (9) , that is
an orthonormality condition on the ϕ i s,
Hence, to sample quantum channels, we simply need to find a parameterization for the orthonormal set
. Let us count the number of parameters needed. Since A is upper triangular, ϕ ik has (ik)+1 generically nonzero entries, where (ik)
These nonzero entries are all complex, except for the d 2 of them in ϕ dd , which are real. The
Observe that v n is orthogonal to ψ d , for every n, since
One can check, in a similar manner, that the v n column vectors form an orthonormal set. The span of {v n }
lies in the orthogonal subspace of ψ d . ψ 1 , ψ 2 , . . . ψ d−1 are to be orthogonal to ψ d , so we can set them to be in the linear span of {v n }. Note the both ψ d−1 and v K d−1 have the same number (= K d−1 ) of nonzero entries, the largest among the ψ i s (i = 1, . . . , d − 1) and v n s. Specifically, we define
where V is the (non-square) matrix with columns
Ψ is defined such that its columns are the coefficients of the ψ i s when expressed as a linear combination of the v n s, i.e.,
where ψ i is the ith column of Ψ, and ψ in are its en-
Observe that the orthonormality of the ψ i s, for i = 1, . . . , d − 1 is equivalent to the orthonomality of the columns of Ψ, i.e., Ψ † Ψ = 1. This is then the same problem as before, for Ψ, with now one fewer columns. We hence repeat the procedure above, parameterizing ψ d−1 using a new set of spherical coordinates (θs and φs; note that none of the φs are set to zero as the ψ i =d s are generally complex), defining new v vectors orthogonal to it, getting a new Ψ, and so forth. We do this recursively until all ψ i s are parameterized.
Let us check that the recursive procedure yields the right number of parameters for the full set of orthonormal 
parameters, exactly the right number needed for parameterizing ddimensional quantum channels.
To illustrate how one applies the above parameterization, the case of qutrit channels is discussed in Appendix A. In the following sections, we make use of our parameterization in a HMC algorithm to sample quantum channels according to specified distributions, and demonstrate the usefulness of these samples in different applications. Before we get to that, however, let us mention a parameterization designed specifically for unital qubit channels, useful for one of our examples below.
B. Unital qubit channels
A useful class of quantum channels is the set of unital channels, those that preserve the identity operator, E(1) = 1. The unitality condition can be stated in terms of the Choi state as the requirement
A unital quantum channel thus has ρ E such that tr i (ρ E ) = 1 for i = 1, 2, stating both the TP and unitality conditions. This is generally a difficult pair of conditions to impose, for a parameterization of unital channels with exactly the right number of parameters, as needed for HMC.
For unital qubit channels, however, this can be done in a straightforward manner, as we describe here [21] . The Choi state of a qubit channel is a two-qubit state. Any two-qubit state (normalized to trace 2) can be written as
where σ = (σ x , σ y , σ z ) is the vector of Pauli operators for the first qubit and τ = (τ x , τ y , τ z ) is the vector of Pauli operators for the second qubit. (Here, the word "vector" is used in the physicist's sense of a three-dimensional spatial vector.) s and t are the Bloch vectors for qubits 1 and 2, respectively; C is a dyadic, representable by a 3 × 3 matrix of real numbers corresponding to the coefficients of σ i τ j , for i, j = x, y, z. The TP condition requires s = 0; the unitality condition demands t = 0. The Choi state of a unital qubit channel thus takes the form
Up to local unitary transformation, the dyadic C can always be chosen to be diagonal C diag . For ρ E to be positive semi-definite, the three diagonal entries of C diag must lie within a tetrahedron with the vertices
where each vertex corresponds to one of four pairwise orthogonal maximally entangled two-qubit states. We parameterize the three entries of C diag by the convex combination of the four vertices
Generally, the dyadic C can be written as
where R 1 and R 2 are the rotation matrices representing the local unitary transformations (equivalently, spatial rotations in the Bloch-ball picture) of qubits 1 and 2, respectively. R 1 and R 2 can each be parameterized by three rotation angles. Altogether, we have a parameterization of the set of all unital qubit channels, specified by nine angle parameters.
IV. APPLICATIONS
In this section, we illustrate the use of our channel parameterization in a HMC algorithm (see, for example, Ref. [2] for details on HMC sampling) to sample channels in three applications related to process tomography. That the examples are related to tomography simply reflects the authors' original motivation and source of interest in the matter of channel sampling. The channel parameterization invented here and the resulting ability to sample according to a user-specified distribution using a HMC algorithm are applicable beyond tomography tasks.
A. Error regions for process estimation
Whether one chooses to use the MLE or some other estimator for ρ E , the point estimator will not coincide exactly with the true ρ E with finite data. It is important then to endow the point estimators with error regions expressing the uncertainty in our knowledge of the identity of the channel. Here, we adopt as error regions the notion of smallest credible regions (SCRs) proposed in Ref. [22] . SCRs were originally proposed for the estimation of quantum states, whether they are TP states or not, but completely analogous notions can be defined for S TP . Here, we examine the construction of SCRs for the task of quantum process estimation, as an application of our channel sampling algorithm. We first recall a few key points about SCRs pertinent to our discussion here; the reader is referred to [22] for further details.
The SCR is the region-a set of states-in S TP with the smallest size for a chosen credibility. Size is the prior content of a region in S TP , i.e., the prior (before any data are taken) probability that the true state is in the region; credibility is the posterior (after incorporating the data) content of that region. The SCRs are boundedlikelihood regions (BLRs), i.e., regions R λ comprising all states with likelihood no smaller than a threshold fraction
with R 0 = S TP . The size s λ of the BLR R λ is its prior content, and its credibility c λ is its posterior content, 
, a normalizing factor, is the likelihood of obtaining the data D for the chosen prior. For tomography problems, it is often natural to state the prior distribution in terms of the POVM-induced probabilities [see Eq. (10)], (dρ) = (dp) w 0 (p),
where w 0 (p) is the prior density, nonzero only for p ≡ (p
1 , . . . , p
2 , . . .) that corresponds to a ρ ∈ S TP , and (dp) ≡ dp (1) 1 dp
To report the error region for an experiment with data D, following the scheme of Ref. [22] , s λ and c λ are calculated for all values of λ. The error regions are reported by plotting s λ and c λ as functions of λ. For a desired level of credibility, the λ value is read off, and the error region is the R λ for that value of λ. The size and credibility of a BLR [see Eq. (30)] cannot, in general, be computed analytically, due to the complicated integration region. Instead, we make use of MC integration: We generate random samples using HMC according to the prior and posterior distributions; the size and credibility are then the fractions of points contained in the BLR for the two distributions.
A related concept is the plausible region [23] . This is the set of all points in S TP , for which the data provide evidence in favor of-L(D|ρ) > L(D). The plausible region is in fact a BLR, with a critical value of λ,
Once we have computed the size and credibility curves, we can also identify the plausible region for the data.
As a first example, we look at single-qubit channels. The input states ρ (i) for process tomography are taken to be the tetrahedron states,
where a i = 3 −1/2 v i with the vertex vectors of Eq. (25) . For every i, we use the same POVM, the four-outcome tetrahedron measurement, with outcomes We simulate data using an amplitude-damping channel described by the Kraus operators
where γ, the damping parameter, is set to 0.4. 24 copies of each input state ρ (i) are measured (simulated), giving a total of 96 counts over the four input states. For the prior distribution, we choose the conjugate prior, (dp) w 0 (p) ∝ (dp)
k } corresponds to the Born probabilities [see Eq. (10)] for an amplitude-damping channel with γ = 0.5, expressing our prior belief that that is the actual channel. Figure 1(a) shows the size and credibility curves, obtained from MC integration using 500,000 sample points generated from HMC with the channel parameterization of Sec. III. The critical λ value for the plausible region is indicated with a red dashed line, with size value s = 0.2102 and credibility value c = 0.8586. The true channel is contained in all BLRs with λ < 0.0302 and c λ > 0.5511, and is thus in the plausible region. Now, qubit channels are simple to characterize and there are many ways of sampling from the space of qubit channels. It is hence useful to see how our sampling algorithm works for examples beyond the qubit situation, for which proper sampling is more challenging. As a second example, we consider an amplitude-damping qutrit (three-dimensional quantum system) channel with the Kraus operators
for γ 1 = 0.1 and γ 2 = 0.5. The POVM used is one of the symmetric, informationally complete POVM (SIC-POVM) from the oneparameter family of qutrit SIC-POVMs. It can be described by a set of states {|µ i }; when written in the computational basis, they are given explicitly by
where ω = e i2π/3 , ω * = ω 2 , and 1 + ω + ω 2 = 0. The POVM elements are
The input states are
For each of the input states, the number of copies measured is 27, giving a total of 243 counts. The prior is the primitive prior, i.e., w 0 (p) is a constant wherever it is nonzero. Figure 1(b) shows the size and credibility curves, obtained from MC integration with 100,000 sample points using HMC and our channel parameterization. As before, the critical λ value for the plausible region is indicated by the vertical dashed line. The size and credibility of the plausible region are s = 0.0032 and c = 0.9990 respectively. The true channel is contained in all BLRs with λ < 1.1560 × 10 −6 , and is thus in the plausible region.
B. Marginal likelihood for channel properties
Often, one is only interested in certain properties of a channel, like the fidelity between the output of the channel and its input, rather than a full channel description in the form of its process matrix. If one could directly measure that one quantity of interest, one expects to accomplish the estimation task with significantly fewer uses of the channel than needed for full tomography. However, a direct measurement of the quantity of interest may be difficult to design and implement, while the process tomography measurement is often standard procedure. Even in the latter case, one should still estimate the quantity of interest directly from the tomography data, rather than first estimating the full process matrix and then computing the quantity of interest from that estimate [24] .
The key ingredient in making inferences about a property F of a channel from tomographic data D is the marginal likelihood, obtained by integrating the full likelihood L(D|p) over the irrelevant parameters,
where W r,D(0) (F ) is the integral in the numerator(denominator). f (p) is the function that expresses F in terms of the tomographic probabilities p, and w r (p) is the prior density on p, which induces a prior density on F . δ F − f (p) is the Dirac delta function that enforces f (p) = F . Once we have the marginal likelihood, we can proceed in an analogous way as in Sec. IV A to construct the smallest credible interval (SCI) and the plausible interval for F , as well as perform other statistical inference tasks based on the marginal likelihood. We thus need a general procedure for computing the marginal likelihood L(D|F ). In Ref. [24] , an iterative algorithm was developed for that purpose, requiring the use of random samples according to specified distributions. The reader is referred to Ref. [24] for the full description of the iterative algorithm, and to Appendix B for the details relevant for our examples below. Here, we give only a brief account of the basic ideas. The delta functions in the defining equation (41) are difficult to handle in a numerical evalution of the integrals. Instead, we evaluate the antiderivatives P r,i (F ), with respect to F , of W r,i (F ),
with step functions in place of the delta functions. P r,i can be computed by MC integration. The results are closely fitted with several-parameter functions, and then differentiated to give W r,i , and hence the marginal likelihood. This procedure works, in principle; in practice, one runs into numerical accuracy problems. If w r (p) has little weight over some range of F , a rather generic situation, P r,0 will be very flat there, and its derivative cannot be reliably estimated. To overcome this problem, the crux is to note that, because of the delta functions, the marginal likelihood is invariant under the replacement w r (p) → w r (p)g(f (p)) for any function g(F )
positive over the entire range of F . We thus have the freedom to choose the w r (p) used to evaluate L(D|F ). This freedom of choice is exploited in the iterative procedure described in Ref. [24] , where the estimate of W r,0 is successively improved by using an w r (p) modified by the previous (possibly inaccurate) estimate of W r,0 , until the desired convergence level is reached. Each iterative step requires the ability to sample according to the new w r (p); that is where the HMC algorithm, permitting sampling in accordance to a user-specified distribution, comes in. Below, we carry out the iterative algorithm and compute the marginal likelihood for two common channel properties, average fidelity F avg and minimum fidelity F min . We make use of the HMC algorithm made possible by our channel parameterization of Sec.
a Pauli channel. Here, the σ i s are the standard Pauli operators, and (p x , p y , p z ) = (0.05, 0.15, 0.2). The data are generated from 96 uses of the channel. We regard the Pauli channel as noise acting on our quantum system. We are interested in the fidelity measures, F avg and F min , quantifying the effect of this noise channel on our system.
Average Fidelity
The average fidelity F avg is defined here as the (squared-)fidelity between the input and output of the channel E, averaged over all input pure states according to the Haar measure. We write F (ψ, ρ) ≡ ψ|ρ|ψ for the square of the fidelity between a pure state ψ ≡ |ψ ψ| and an arbitrary state ρ. Then, the average fidelity for the channel E is
Here, dU is the Haar measure for the space of unitary operators, and ψ 0 is some fiducial pure state. In arriving at the last line, we have used a standard result of the twirling operation [25] (namely, the expression in the brackets in the second-to-last line), with q given by
where O i s are all the traceless elements of an orthonormal (according to the Hilbert-Schmidt inner product) operator basis, containing an element proportional to the identity operator, for the d-dimensional H. In the qubit case, q has the explicit formula,
where we have chosen the * map such that |i = |i for {|i } 1 i=0 , the σ z -basis for the qubit (see comment about this choice in the second paragraph of Sec. II).
We use the iterative procedure of Ref. [24] to compute the marginal likelihood L(D|F avg ), for F ≡ F avg . The final result is shown in Fig. 2 ; the intermediate steps of the iterative algorithm are described in Appendix C 1. With the marginal likelihood at hand, as an example of its usefulness, we can construct, as in Sec. IV A, the SCI for our estimate of F avg . Figure 3(a) gives the size and credibility curves, as well as the critical λ value for the plausible region. Figure 3(b) shows the SCI for F avg for different credibility values. The horizontal black line specifies the plausible interval, which includes the true value of F avg = 0.7333 (indicated with an arrow).
Minimum fidelity of unital qubit channels
As a second example, also to illustrate the use of the parameterization of the unital qubit channels of Sec. III B, we look at the minimum, or worst-case, (squared-)fidelity of a unital channel. The minimum fidelity for a channel E is the fidelity of the output of E with its (pure) input, minimized over all input states, i.e., In the qubit case, F min can be written explicitly using the Bloch-ball representation as
where s is the Bloch vector of the input state ψ, and s E is that of the output E(ψ). For a unital qubit channel, s E is the image of a linear map on the Bloch vector:
The minimum fidelity can thus be written simply as
where µ min is the smallest eigenvalue of
. This provides the direct connection between the unital qubit channel and F min , and, in particular, allows us to express F min in terms of the tomographic probabilities associated with a channel E.
Here, we assume the promise that the unknown channel is a unital one; the Pauli channel used to simulated the data is indeed unital. In effect, this unitality assumption restricts the relevant space of Choi states dual to the channels, to a strict subset of S TP , namely, to those that also satisfy Eq. (22) . Any channel sampling is thus done only from this subset. Using the parameterization of Sec. III B, we employ HMC integration to compute the marginal likelihood L(D|F min ). The result is given in Fig. 4 ; the intermediate steps are provided in Appendix C 2. With this marginal likelihood, one can construct the corresponding SCIs and the plausible region, as well as perform other statistical inferences about the unital qubit channel.
C. Model selection
Often, one may not need the full generality of a CPTP channel to describe the dynamics of a quantum system. Instead, a simpler model with fewer parameters may suffice. Simpler models are computationally easier to work with, are likely more easily motivated from a physical standpoint, and may already describe the tomographic data well. One can phrase this problem as one of model selection in statistics, where the best model, among a few candidate models, is chosen, given the available data. Here, we discuss the quantum problem of model selection for channel families. Our sampling algorithm is used for two purposes here: (1) to evaluate a criterion-based on the notion of relative belief-for the "best" model; (2) to assess and compare the performance of different model selection criteria by testing them on many randomly chosen true channels.
Two criteria for model selection commonly used in classical problems are the Akaike Information Criterion (AIC) [26] and the Bayesian Information Criterion (BIC) [27] . The AIC is based on the quantity (which we denote also as "AIC"),
where k is the number of parameters in the model and L max is the maximum value of the likelihood for the data. The best model is the one with the smallest AIC value. The BIC is defined in a similar manner, but uses the value of N , the number of copies measured,
The best model according to this criterion is again the one with the smallest BIC value. Another approach to model selection is based on the relative belief ratio (RBR) of Ref. [23] . The RBR of a model M is the ratio of its posterior to prior probabilities,
If the posterior probability for a model M increases after the data, i.e. RBR(M |D) > 1, the data provide evidence in favor of the model; the data provide evidence against the model if RBR(M |D) < 1. It is also useful to have a measure of strength of evidence, since the data might provide evidence in favor of more than one model from our candidate set, and one would like some basis of choosing among those models. The RBR value by itself is not a measure of the strength of evidence (see Ref. [23] for a discussion of various aspects, and also Ref. [28] ). We supplement it with the posterior probability
for the model M 0 in question, and M ranges over the set of candidate models. If RBR(M 0 |D) > 1 and P M0 is large, then there is strong evidence in favor of M 0 . The best model, according to the RBR criterion of relative belief ratio, is the one with the largest posterior probability P M , among all candidate models with RBR(M |D) > 1.
As an example, we consider as candidate models five nested qubit channel families: dephasing channels ⊂ Pauli channels ⊂ symmetric unital channels ⊂ unital channels ⊂ general CPTP channels. The smallest set is the 1-parameter family of dephasing channels,
The set of Pauli channels is a 3-parameter family,
for p ≡ (p x , p y , p z ), p i ≥ 0, and i p i ≤ 1. The 6-parameter family of symmetric unital channels refers to the subset of unital qubit channels such that R 1 = R 2 in Eq. (28) . We then have the 9-parameter family of unital qubit channels, and lastly, the 12-parameter set of all CPTP qubit channels.
A natural prior on the model space is one that puts equal weights on each family. This is easily defined by the sampling procedure: The prior sample is constructed by generating 500,000 uniformly distributed (i.e., the defining parameters are each uniformly distributed over the permissible interval) sample points for each family. Note that in the numerical procedure that generates the samples for, say, the set of Pauli channels, we will never come across a sample point that is exactly a dephasing channel with p x = 0 = p y . Thus, even though the channel families are nested sets, one can consider each family to have prior probability of 1 5 . We use this prior to compute the RBR criterion for simulated data of different sizes.
To assess the performance of the three model-selection criteria, for each family of channels, we randomly (uniform in the defining parameters) draw 1000 channels. For each channel, we simulate data-with tetrahedron input states and a tetrahedron measurement [see Eqs. (33) and (34)]-for N = 20, 50, 100, 1 000, 10 000, and 100 000 copies measured, and evaluate the AIC, BIC, and RBR criteria for that data. Table I shows the conclusions when the three criteria are applied to the simulated data. When the number of measured copies is very small, i.e., N = 20, the results based on AIC and BIC show a strong bias towards simpler (i.e., fewer-parameters) models. In particular, both criteria rarely identify the right model when the true channel comes from the unital or general families. Results based on RBR, however, show significantly more instances where the correct model is identified for the more complex (i.e., more parameters) models. For a moderate number of measured copies, i.e. N = 1 000, AIC and RBR give equally good results, whereas BIC shows a slight bias towards the simpler models. When the number of measured copies is very large, i.e., N = 100 000, results based on BIC are most accurate whereas results based on AIC have a slight bias to the more complex models. RBR also performs well in this regime.
Another aspect that we can check easily with our sampling procedure is the bias in the prior. This is particularly important for model selection based on the RBR criterion, to be sure that the probability of drawing a wrong conclusion is low. For example, for data that are typical for a unital channel, if we were to conclude regularly that there is evidence in favor of the general CPTP model and evidence against the unital model, there is bias in favor of the general CPTP model and bias against the unital model. To check for the bias, we draw 1000 random channels from each of the channel families and simulate data based on these true channels. The number of instances where the simulated data provide evidence against each of the four candidate models are calculated. The results are shown in Table II . As can be seen from the table, there is no significant bias in the prior when N ≥ 100, and the bias decreases as the number of measured copies increases.
V. CONCLUSIONS
In this work, we constructed an exact parameterization for the space of CPTP channels. This parameterization has no superfluous parameters, and requires no imposition of any added constraints. These features make it possible to use the parameterization in a HMC algorithm, for producing high quality-in terms of low correlations-samples of CPTP channels from a userspecified distribution. We demonstrated the usefulness of our parameterization in sampling applications taken from quantum process tomography. The method applies to general quantum channel sampling problems.
A useful extension of this work will be to discover also an exact parameterization for the case of CPTP and unital channels. As discussed above, this additional requirement of unitality presents difficulties that can be easily overcome only in the qubit situation. The parameterization for the space of CPTP, unital channels beyond the qubit case remains an open problem. Note that such a parameterization will give also a possibly useful description of the space of all bipartite mixed quantum states with completely mixed states on both the single-party states; our current parameterization gives the larger space of states where only one of the two single-party states is completely mixed. Here, we report an explicit application of the parameterization of Sec. III, for the case of qutrit channels. We start with the permutation matrix P that reshuffles ϕ i s into ψ i s, with the identically zero entries located below the generically nonzero ones. A P that can accomplish this is one such that 1  10  11  19  20  21  2  3  4  12  13  14  22  23  24  5  6  7  15  16  17  25  26  27  8  9 18
After the permutation, we have
To parameterize the ψ i s such that they are orthonomal, we first parameterize ψ 3 , of unit length, 
Recalling that ϕ 33 [see Eq. (12)] is a d 2 -entry real column, and with the P given above, ψ 3,4 , ψ 3,5 , ψ 3,6 , ψ 3,13 , ψ 3,14 , ψ 3,15 , ψ 3,22 , ψ 3,23 , ψ 3,24 are real. Thus, φ 4 , φ 5 , φ 6 , φ 13 , φ 14 , φ 15 , φ 22 , φ 23 , φ 24 are set to zero. Then, we define {v n } 14 n=1 which lie in the orthogonal subspace of ψ 3 as follows, 
To make ψ 1 and ψ 2 orthogonal to ψ 3 , we set them to be in the span of {v n },
The orthonormality of ψ 1 and ψ 2 is equivalent to the orthonormality of ψ 1 and ψ 2 . We simply need to repeat the previous procedure. We parameterize ψ 2 to be of unit length, 
Next, we define {u n } 4 n=1 , each orthogonal to ψ 2 , 
Finally, to have ψ 1 normalized and orthogonal to ψ 2 , we set
We check that we have the right number of parameters. The parameters used above are θ 1 , ..., θ 23 , φ 1 , ..., φ 24 (nine of these are set identically to zero), θ 1 , ..., θ 13 , φ 1 , ..., φ 14 , θ 1 ,θ 2 ,θ 3 , andφ 1 , ...,φ 4 , giving a total of 72 = 3 2 (3 2 − 1) parameters, as needed for specifying qutrit channels. To estimate the marginal likelihood reliably, we follow the procedure in Ref. [24] . For the following discussion, we assume
for the sake of simplicity. First, we note that the integrands in (41) are ill-suited for MC integration due to the presence of the Dirac delta factors. We consider the antiderivatives P r,0 (F ) = (dp) w r (p)η F − f (p) (
and
With a sample of w r (p) and
, we can evaluate the antiderivatives for various values of F and fit them with several-parameters functions. From the fitted functions, we can then calculate the derivatives W r,0 (F ) = ∂ ∂F P r,0 (F ) = (dp) w r (p)δ F − f (p) (B4) and
and obtain the marginal likelihood by
A problem arises when P r,0 (F ) is very close to a constant over some range of values of F . The common situation is that P r,0 (F ) is very close to zero for a range of values near F = 0 and very close to one for a range of values near F = 1. MC integration is not precise enough to distinguish P r,0 (F ) 0 from P r,0 (F ) = 0 and P r,0 (F ) 1 from P r,0 (F ) = 1. As a result, the estimated value of W r,0 (F ) will be equal to zero over those range of values. We cannot get a reliable estimation of L(D|F ) in this situation since W r,0 (F ) is the denominator in Eq. (B6). To overcome this problem, we note that we can do the replacement
with an arbitrary function g(F ) > 0 without changing the value of L(D|F ).
The procedure for obtaining a reliable estimation of L(D|F ) is as follows:
1. Sample according to w r (p). Use this sample to calculate P r,0 (F ). Fit a several-parameters function to P r,0 (F ) and obtain W r,0 (F ) by differentiating the fitted function.
2. Sample according to w r (p) =
. Use this sample to calculate P r,0 (F ) = (dp) w r (p)η F − f (p) .
Fit a several-parameters function to P r,0 (F ) and obtain W r,0 (F ) by differentiating the fitted function.
3. Sample according to
.
Use this sample to calculate
Fit a several-parameters function to P r,D (F ) and obtain W r,D (F ) by differentiating the fitted function.
4. Obtain the marginal likelihood from
The reason that we can have a reliable estimation of L(D|F ) using W r,0 (F ) obtained in step 2 is as follows. Suppose the exact value of W r,0 (F ) is known, W r,0 (F ) will be equal to 1 and P r,0 (F ) will be equal to F . If the exact values of W r,0 (F ) are not known, but we have a good approximation for W r,0 (F ) from step 1 and use it for the calculation of P r,0 (F ) in step 2, the P r,0 (F ) that we obtain will still be quite close to F and W r,0 (F ) will be nonzero for all range of F values.
In step 1, P r,0 (F ) can be fitted with a linear combination of regularized incomplete beta functions
that is P r,0 (F ) =w 1 I amin,b1 (F ) + w 2 I a1,bmin (F ) + w 3 I a2,b2 (F ) + . . .
with the fitting parameters a 1 , . . . , a N −1 , b 1 , . . . , b N −1 , w 1 , . . . , w N −1 . a min and b min are fixed by the power laws satisfy by P r,0 (F ) near F = 0 and F = 1,
and 1 − P r,0 (F ) ∝ (1 − F ) bmin+1 for F 1.
In step 2, a truncated Fourier series of the form P r,0 (F ) F + c 1 sin(πF ) + c 2 sin(2πF ) + c 3 sin(3πF ) + · · ·
is usually a good fitting function. In step 3, P r,D (F ) can be fitted with a smoothing spline. ). The blue curve, a truncated Fourier series, is fitted to the dots. (c) Fourier amplitudes for Pr,0(Favg). The high-frequency noise is removed from the fit in (b) by discarding the red amplitudes whose magnitude is less than 2% of that of largest amplitude. The green dots in Fig. 5(a) show the values of P r,0 (F avg ) obtained by a MC integration with 1 000 000 sample points. The MC integration is not precise enough to distinguish P r,0 (F avg ) 0 from P r,0 (F avg ) = 0 near F avg = 1. Therefore, a reliable approximation for W r,0 (F avg ) = ∂ ∂Favg P r,0 (F avg ) cannot be obtained. To overcome this problem, we follow the procedure stated in Sec. IV B. First, we fit the green dots with a threeterm fitting function of the form of Eq. (B12) with F = . The black curve is the fitted curve of P r,0 (F avg ). The fitting parameters are shown in the inset table. P r,0 (F avg ) is obtained from a MC integration with 1 500 000 sample points and shown as the blue dots in Fig. 5(a) .
The P r,0 (F avg ) is quite close to the straight line The P r,0 (F avg ) after subtracting the straight line ) is shown as the blue dots in Fig. 5(b) . The blue curve shows the fitting curve, a truncated Fourier series whose Fourier amplitudes are reported in Fig. 5 
(c).
P r,D (F avg ) is evaluated by a MC integration with 1 500 000 sample points and it can be fitted with a smoothing spline. The marginal likelihood shown in Fig. 2 is obtained from the ratio of W r,D (F avg ) and W r,0 (F avg ).
Worst-case fidelity of a unital qubit channel
The green dots in Fig. 6(a) show the values of P r,0 (F min ) from a MC integration with 1 000 000 sample points. The MC integration is not precise enough to distinguish P r,0 (F min ) 0 from P r,0 (F min ) = 0 near F min = 1.
Therefore, a reliable approximation for W r,0 (F min ) = ∂ ∂F min P r,0 (F min ) cannot be obtained. To overcome this problem, we follow the procedure stated in Sec. IV B. First, we fit the green dots with a three-term fitting function of the form in Eq. (B12) with F = F min , a min = 4, and b min = 15 2 . The black curve is fitted to the numerical values for P r,0 (F min ). The fitting parameters are shown in the inset table. P r,0 (F min ) is obtained by a MC integration with 1 500 000 sample points and shown as the blue dots in Fig. 6(a) .
The values of P r,0 (F min ) are quite close to the straight line F min . The corresponding values after subtracting this straight line make up the blue dots in Fig. 6(b) . The blue fitting curve is a truncated Fourier series with the Fourier amplitudes of Fig. 6(c) .
P r,D (F min ) is evaluated by a MC integration with 1 500 000 sample points and it can be fitted with a smoothing spline. The marginal likelihood shown in Fig. 4 is the ratio of W r,D (F min ) and W r,0 (F min ).
